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This paper measures the efficiency and revenue properties of the two
most popular formats for divisible goods auctions: the uniform-price
and discriminatory auction. We analyze bids into the Korean Treasury
auctions which have used both formats.We find that the discriminatory
auction yields statistically higher revenue. Unlike previous work that
uses data from only one format, we are able to compare the efficiency
properties of the two formats. We find that the discriminatory auction
better allocates treasury bills to the highest value financial institutions.
However, the differences in revenue and efficiency are not large because
the auctions are very competitive.

I. INTRODUCTION

DIVISIBLE GOODS AUCTIONS ARE BECOMING an increasingly popular means to
transact in some markets. Examples include markets to purchase treasury
bills and environmental emission permits, spot markets to sell electricity,
and initial public offerings of stock. Theory does not predict the auction
format that will perform better in terms of raising revenue or efficiently
allocating the goods. Divisible goods (or multiunit) auctions differ from the
more traditional auctions for a single object, for which rich theory has been
developed. In multiunit auctions, bidders submit multiple price-quantity
pairs to form demand or supply schedules to buy or sell multiple units of the
good. For example, in a sealed-bid auction to purchase a fixed quantity of
goods, all bidders’ bid schedules are summed to form an aggregate demand
schedule. The intersection of aggregate demand and total supply determines
the market-clearing price, and all bids above the market-clearing price win
the right to purchase the goods. The rule determining the price paid by each
winning bidder has important effects on the efficiency of the auction. Several
auction formats have been proposed including the uniform price (or single-
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price auction), the discriminatory (or ‘pay-your-bid’ auction), and the
Vickrey auction. In uniform-price auctions, the winning bidders pay the
market-clearing price for all units purchased. In discriminatory auctions,
winning bidders pay the price bid for each unit. And in Vickrey auctions,
bidders winning k units pay the sum of the k highest losing bids. The two
most common formats used in practice are uniform-price and discrimina-
tory auctions. For example, most electricity auctions use the uniform-price
format. TheU.S. Environmental Protection Agency sells SO2 permits using
a pay-your-bid auction. Treasury auctions for government securities around
the world have used both formats. Despite the widespread use of both
formats, the efficiency and revenue properties of each format in multiunit
settings are theoretically ambiguous.1

An incomplete understanding of the bid shading incentives under each
format has led to a lively debate about the optimal auction format. The
efficiencyandrevenue fromeach format isdeterminedby the relative incentives
to shade bids below the marginal valuation of the goods. Early work relied on
intuition from theoretical results about first and second-price auctions for a
single unit.However, such intuition does not generalize to bidding strategies in
multiunit auctions.2 In multiunit auctions using either the uniform-price or
discriminatory pricing rule, bidders have incentives to shade their bids below
the valuation and the incentive may differ for each unit demanded. Suppose a
bidder submits a demand schedulewith a different price for each of x units of a
good. In uniform-price auctions, the bidder has an incentive to bid below
valuation for the xth unit of a good if that bid has some probability of lowering
the market-clearing price that is paid for all other x-1 units. This result is very
similar to amonopsony buyer who reduces demand in order to drive down the
market price. The incentive to bid shade is different in discriminatory auctions.
Bidding the marginal valuation would yield no gain in a pay-your-bid auction
because the payoff is zero in the event of winning. Therefore, bidders have
incentives to shade bids on all units with the amount of shading determined by
the bidder’s belief about the location of the market-clearing price.3

1Comparisons of the efficiency and revenue for various auction formats have been
established for single unit auctions. Vickrey [1961] demonstrates the well-known Revenue
Equivalence Theorem that if risk neutral bidders adopt non-cooperative strategies in the
private independent value paradigm, then the expected selling price is the same for first and
second price sealed-bid, English and Dutch auctions. Comparisons also have been established
for more general value structures. For the risk-averse bidders, Holt [1980] shows that the seller
strictly prefers the Dutch or first-price auction to the English or second-price. Milgrom and
Weber [1982] show that if risk neutral bidders have affiliated values, the four common single
auction mechanisms can be ranked as the English auction, the second-price auction, and the
Dutch which yields the same revenue as the first-price auction.

2 For a very clear introduction to multi-unit auctions, see Krishna [2002], part II.
3 The equilibrium bidding incentives are analyzed in a variety of theoretical papers including

Ausubel and Cramton [2002], Engelbrecht-Wiggans and Kahn [1998a, b], Swinkels [1999,
Wang and Zender [1996], Noussair [1995], Back and Zender [1993, and Wilson [1979].
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The choice of auction format has been debated in both the electricity and
emission permit markets, but themarket design has beenmost controversial
in treasury auctions.4 Because an important goal is to maximize revenue to
the government, the most common criterion to evaluate auction format is
revenue. The format has changed from discriminatory to uniform-price in
many countries such as the United States, Sweden, Switzerland, Mexico,
Turkey and Korea. The well-known Revenue Equivalence Theorem for an
independent private values setting cannot be applied because the bid shading
incentives imply that the two formats do not lead to the same allocation – a
necessary condition for revenue equivalence. Thus, the issue of maximum
revenue is treated as an empirical question.
Both reduced-form and structural empirical analyses have addressed the

question of which format maximizes revenue, and the findings are generally
mixed. Recent structural analyses have developed empirical methodologies
that use bid data to estimate bidder valuations and conduct counterfactual
experiments. Hortaçsu [2002] analyzes bids into Turkey’s Treasury bill
auction which used a discriminatory format. Hortaçsu derives a structural
model of bidding that maps bidder valuation to equilibrium bids. By
inverting the bid function, he uses observed bids to recover the underlying
valuations by each bidder for each unit of T-bills. He uses the estimated
valuations to construct bounds on the revenue if those bidders had instead
participated in a uniform-price auction. He finds that the discriminatory
auction yields more revenue ex-post, but he cannot reject equivalence in ex-
ante expected revenue. Most recently, Kastl [2006] studies bidding into the
Czech government’s treasury auction that utilized a uniform-price format.
Methodologically, Kastl characterizes equilibria in step functions and
analyzes the implications of econometricmethods that assume continuously
differentiable versus step bid functions, as we discuss in more detail below.
He finds that the uniform-price treasury auctions used by the Czech govern-
ment yield allocations that are nearly efficient and failed to extract less than 3
basis points of bidder surplus.Other papers thatmake different assumptions
about the value structure have analyzed the French and Mexican Treasury
auctions (Fevrier et al. [2004] and Castellanos and Oviedo [2005]).
Efficiency is an important criterion that has received less attention in

empirical analyses. In the auction for any good with a private value
component, market designers should be concerned whether the auction
format allocates the goods to the buyers with the highest valuation. There is
no general ranking of the efficiency of either format in a multiunit setting.
The differential incentives to shade bids for different units of the good
imply that inefficient equilibria are obtained in both the uniform-price
(Engelbrecht-Wiggans and Kahn [1998b]) and discriminatory auctions

4For a survey, see Bikchandani and Huang [1993].
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(Engelbrecht-Wiggans and Kahn [1998a] and Swinkels [1999]). Intuitively,
bid shading that varies across units demanded or bidders implies that the
order of bid prices does not correspond to the order of valuations. In
uniform-price auctions, bidders have increasing incentives to shade bids for
larger demand quantities, so efficiency is unlikely unless, for example, each
bidder proportionately shades in the same way. For discriminatory
auctions, the incentive to shade does not necessarily increase in quantity
demanded, but there are strong incentives to significantly mark down bids
for units with values significantly higher than the expected market-clearing
price. In general, the performance of uniform-price and discriminatory
auctions depends upon the distribution of bidders’ valuations, and either
format potentially can be more efficient (Ausubel and Cramton [2002]). In
order to study the relative efficiency of uniform versus discriminatory
pricing, the researchermust have data on actual bidding under both formats,
as we have for the Korean Treasury auctions.
This papermakes two contributions to the existing empirical literature on

multiunit auctions. First, we follow the approach of Hortaçsu [2002] who
uses a structural model of equilibrium bidding to analyze discriminatory
auctions. We extend this methodology to uniform-price auctions. We non-
parametrically recover estimates of the bidders’ valuations, and use the
valuations to conduct counterfactual revenue comparisons. Because we
have bid data from two auction formats, we are able to compare the revenue
from discriminatory and uniform-price auctions to a common benchmark.
We find that both formats in Korea are very competitive. Although revenue
in the discriminatory auction is statistically larger than in the uniform-price
auction, the monetary difference is not large.
Our second and more significant contribution is to analyze the efficiency

properties of each format. Both formats are inefficient mechanisms, and
there is no general theoretical ranking of their efficiency. As a result, it is not
possible to evaluate the relative efficiency of each format without using bid
data generated by both formats. Existing structural analyses of bidding have
been unable to study the relative efficiency of each format because
researchers have not utilized bidding data from a country that switched
from one format to the other. To our knowledge, this is the first analysis of
field data to assess the relative efficiency of the two formats for multiunit
auctions. We find the discriminatory auction to be more efficient but the
difference is not large due to the competitiveness of the Korean market.
This paper is organized as follows: in section II, we discuss the institutions

for trading government securities in Korea. Section III describes structural
models of equilibrium bidding into both discriminatory and uniform-price
auctions. The models allow us to use individual-level bid data to recover
estimates of bidders’ valuations. Section IV contains the empirical results
and comparisons of the two auction formats in terms of revenue and
efficiency. Section V concludes.
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II. THE KOREAN TREASURY AUCTION MARKET AND DATA

The Korean Treasury has auctioned government securities using standard
auctions since 1999. Initially, the discriminatory pricing rule was utilized,
but the Treasury switched to uniform pricing in August, 2000. Securities of
varying maturities are sold, but we use the 3 year bond which comprises the
largest volume. The 3 year bond is auctioned on the secondMonday of every
month and the quantity sold is pre-announced about 3-5 days prior to sale.
We use data for September, 1999, to April, 2002, which include 10
discriminatory and 20 uniform-price auctions.5

The bidders are restricted to financial institutions that are designated as
PrimaryDealers (PDs). The number of PDs varies between 27 and 30 during
our sample period and are about evenly divided between commercial banks
or security houses (or brokerage firms). Long-term investors such as pension
funds, investment trust companies, and insurance companies cannot be
designated as PDs, so they must submit their bids through a PD. PDs are
required to meet specific financial requirements and were reevaluated twice
during our sample in September, 2000, andDecember, 2001. The number of
PDswas: 30 (16banks and14brokerages) fromSeptember, 1999–September,
2000; 30 (14 banks and 16 brokerages) fromOctober, 2000–December, 2001;
and 27 (11 banks and 16 brokerages) from January, 2002, until the end of our
sample. The identities of the registered PDs were public information, so the
number of potential bidders in each auction can be characterized as common
knowledge. Most PDs participated in each auction. In the discriminatory
auctions, the mean number of bidders was 27.9 and the standard deviation
was 2.3; in the uniform-price auctions, the mean and standard deviation of
the number of bidderswere 24.9 and 1.35, respectively. Table I shows that the
fluctuation in the number of bidders across time is relatively small. In
addition, there were four particular PDs who frequently did not bid or
purchased relatively small quantities (two banks and two brokerages).
Among these frequent non-participants, two merged with other PDs in the
middle of the sample period and the other two later failed to be redesignated
as PDs. This suggests that from the perspective of an individual PD, the
number of other bidders was not known with certainty but did not vary
substantially from auction to auction.
Bid schedules are submitted by 3:00pmonMonday andauction results are

announced by 4:30pm. Bid schedules specify a yield and quantity demanded
at that yield. The maximum number of yield-quantity pairs is five. The bid
schedule is constructed as a step function connecting each of the yield-
quantity pairs. Quantities are specified in terms of the face value of securities
with a minimum bid increment of 0.1 billion KW (about $83,000). The bid
yield also has a minimum increment of 0.01 percentage points which

5We drop two auctions due to lack of appropriate data.
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represents an increase or decrease by about 3KW.Yields can be converted to
prices as the amount a bidder is willing to pay for one unit of a treasury bill
with a face value of 10,000 Korean Won (KW) and a certain coupon
accruing periodic interest payments.6

Our data consist of the quantity of treasury bills sold, each bidder’s set of
yield-quantity pairs that comprise the bid schedule, and the market clearing
yield for each auction. Because bids are in yield, we convert yield to prices
and normalize by setting the market clearing yield for each auction to be
10,000KW.Quantities are also normalized by the ratio to the total supply of
each auction so that total supply of each auction is normalized to be 1.
Summary statistics for each auction are shown in Table I. Bidders use less
than four bidpoints on average, despite the fact that five yield-quantity
points are permitted. This suggests that the limit on the number of allowed
bidpoints is not a binding constraint for many of the PDs. Table I suggests
that bid schedules are flatter in discriminatory auctions – the difference
between the minimum and maximum bid price is smaller on average during
the discriminatory period.

III. STRUCTURALMODEL OF BIDDING AND EMPIRICAL STRATEGY

The existing empirical literature onmultiunit auctions typically employs one
of two empirical strategies.7 One approach uses changes in auction format in
a particular market as a ‘natural experiment’. Researchers measure the
difference between the true value andbid price as the differential between the
when-issued (or resale) price and the auction price.8 This approach tests if
the differential is larger, controlling for observables, for one of the pricing
rules using data before and after a change in format. Umlauf [1993] finds the
uniform-price auction yields higher revenue using data from Mexican 30-
day Treasury Bill auctions. Simon [1994], Nyborg and Sundaresan [1996]
and Malvey and Archibald [1998] analyze U.S. data. Simon finds that
uniform-price auctions yield less revenue while the latter two do not find
statistically significant differences. This approach is appealing because it is
based on the experiment one would like to conduct, but it relies on the

6To convert bid yield to bid price, we use the same convention that is widely used in the
market:

price ¼
X11
i¼1

it

1þ yield
4

� �i þ 10000þ it

1þ yield
4

� �12
where it5 quarterly interest payment accrued by the coupon rate. The coupon rate is set to the
quantity-weighted average of thewinning yield after the auction except for several cases during
the uniform-price period when it was announced by the Treasury before the auction.

7 For a general survey on empirical analysis of auctions, see Hendricks and Paarsch [1995].
8When-issued trading occurs during the period between the auction announcement date and

the actual issue date of the security. Prior to the Treasury’s scheduled auction date, dealers and
investors may take either long positions or short positions in the security to be auctioned.
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assumption that bidders’ true valuations are accurately reflected in resale
markets, and that one can control for any changes in information from the
close of the auction until aftermarket trading.9

The second approach uses a structural model of bidding to map observed
bids into estimates of the unobserved valuations. Given an assumed value
structure, one can construct a strategic model of equilibrium bidding under
either of the two pricing rules. If the equilibrium bid function is invertible,
the observed bids can be used to calculate the underlying valuation for the
goods. Under the assumptions that the value structure (e.g., independent
private values) is correctly specified and that bidders are playing a strategic
equilibrium, the researcher can nonparametrically identify the valuation
function. Equipped with the estimated demand function, the researcher
calculates the revenue under other strategicmodels of bidding. For example,
one can calculate revenue under the Vickrey auction in which it is a
dominant strategy equilibrium to bid the true value function. Hortaçsu
[2002] uses such a methodology to compare revenue in Turkey’s
discriminatory Treasury auctions to counterfactual revenue under a
uniform-price auction.10

We extend this structural methodology to the Korean auctions which use
both formats. In addition, we use our estimated valuations to calculate the
efficiency of allocations under each format. We characterize an equilibrium
model of bidding into both the discriminatory and uniform-price auctions.
The model allows us to derive a first-order condition that maps valuation
functions to bid schedules, and we use the condition to estimate the
underlying valuation function for each bidder. The estimated ‘demand
function’ allows us to characterize revenue and efficiency under counter-
factual auction formats. We compare the welfare under the actual auction
format to a benchmark for an efficient auction.
We model bidding as a static game in which bidders maximize expected

profits.11 Each bidder is assumed to be ex-ante symmetric and have
independent private values for the treasury bills. At the time when bids are
submitted, the PDs are assumed to know the total supply of securities for
sale, the total number of bidders, and their own value function. Bidders do

9Other papers that investigate the incentive to shade bids include Smith [1966], Harris and
Raviv [1981], Scott and Wolf [1979, and Tenorio [1997]. Papers that investigate bidding
strategies include Commack [1991], Wolfram [1998], Hortaçsu [2001], and Nyborg, Rydqvist
and Sundaresan [2002].

10Heller and Lengwiler [1998] use a similar methodology to analyze the Swiss Treasury
market.

11 By choosing a staticmodel, we do not allow for collusion or some formof dynamic pricing.
Umlauf [1993] tests the change in the degree of the collusion in the Mexican Treasury market
using the dispersion of bid prices as the proxy of the degree of competition. However, unlike in
the Mexican market where the six largest bidders purchase over 70% of total supply, the
Korean market is far less concentrated. Also, conversations with some primary dealers and
researchers who specialize in the Korean market suggest that collusion is not likely.
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not know their rivals’ valuations but have a common prior on the
distribution of the valuation function.
These assumptions appear reasonable for the bidders in these auctions.

The PDs can be modeled as risk neutral because treasury bills comprise a
small fraction of total assets and there are various other low risk financial
instruments in which to invest. Of course, if treasury bills are the sole source
of fulfilling a reserve requirement, then bidders face the risk that losing in the
auction forces them to purchase from the secondary market. The
assumption that bidders are ex-ante symmetric implies that each bidder
has the same distribution of latent demand. This may be questionable
because PDs represent both banks and security houses with different
underlying motivations to purchase government securities. In addition,
primary dealers appear to differ in size. Nevertheless, we assume symmetry
for the benchmark model. In order to address possible asymmetries, we
repeat the analysis below where we assume bidders to be symmetric within
group and allow for two different groups of bidders with different
distributions of the private signal. Allowing for asymmetries does not
change our conclusions, and the results testing for robustness to
asymmetries are shown in section IV(iv).
The most important assumption is the underlying value structure.

Typically, researchers assume either a private value setting (in which the
bidder knows her own value but not the rivals’ values), a common value
setting (in which the good has a unique common value but bidders have
different signals of the common value) or a more general affiliated value
setting. The value structure could be modeled as common value if each
bidder’s motivation for purchasing treasury bills is to trade them in
secondary markets where there is one common future price but traders have
different forecasts of that price.12 However, the value structure is better
characterized as private values if winning bidders hold treasury bills up to
maturity.We cannot rule out amore general value structure because bidders
can participate in the auctions for both purposes.
Unfortunately, the existing literature does not provide robust tests for the

underlying value structure in a multiunit auction. There exist three possible
sources of private information in this market.13 First, each bidder may have
a different reserve requirement for treasury bills or a different availability of
liquidity which is not known to their rivals. Second, primary dealers serve as
intermediaries to purchase securities for other firms, and each primary
dealer may have a different level of commitment to place orders for
customers. The terms of the purchase arrangements canmake winning units
in the auction more valuable to some PDs than to others. Finally, each

12 Fevrier, Preget andVisser [2004] andCastellanos andOviedo [2005]make a commonvalue
assumption in their analyses of the French and Mexican markets.

13Hortaçsu [2002] identifies the first and third as possible sources of private information.
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biddermay have different forecasts of long-run interest rates which generate
different values to holding government securities. Because of these sources
of bidder-specific values, we assume a private value model as several other
papers in the empirical literature have done. Below we argue that any bias
introduced by assuming private rather than common values is unlikely to
affect our revenue ranking. We assume each bidder’s ‘demand function’ is
decreasing in price so marginal value per unit is weakly decreasing in
quantity.

III(i). Model

We model strategic bidding in these divisible goods auctions as an
application of Wilson’s [1979] share auction model. The share auction
model is most easily understood when the bid schedules are modeled as
smooth, continuous functions. However, the bid schedules in the Korean
Treasury auctions are discrete ‘step’ functions. Therefore, wemodel bidding
in adiscrete strategy space inwhich firms submit a finite number of bidpoints
that are connectedwith a step function. This formulation follows techniques
in Nautz [1995] and Hortaçsu [2002] in which perfect divisibility of the
quantities is maintained but restricted to lie on a discrete price grid. After
developing the discrete versionof themodel,we show the continuous version
analog which has a simple intuitive interpretation.
Let the total supply be Q and the number of bidders be N (denoted by

i5 1,. . .,N, NX 2) which is assumed to be commonly known to each bidder.
As we discuss in section II, the identities of potential bidders (i.e., PDs) are
public information and the number of actual bidders is relatively stable over
time. (In section IV(v), we modify our model to allow for uncertainty in the
number of actual bidders, but the empirical results are very similar). Bidders
are assumed to be risk neutral. Let vi( � ) be the true marginal valuation
(or demand) function for Treasury bills of bidder i, ti be the private signal
only known to i, and s be a commonly known signal among bidders. The
general bidder imarginal valuation function is given by vi 5 vi (q, ti, s)with
vq 4 0 and ti and s possibly correlated. However, because we restrict
valuations to be independent private values, the valuation function is given
by: vi (q, ti, s)5 v(q, ti).
Wedefine anarbitrarily fine grid of prices givenby avector pwith elements

separated by Dp: p0<p1< � � �<pKþ1
The bid vector submitted by bidder is a series of quantities specified for

each of these prices:~yi : fyio*yi1*� � �*yiKþ1g
Even if a bidder only submits five price-quantity pairs, the step function

formed by those bidpoints implicitly defines bid quantities for all points on
the price grid.
After all bids are submitted, the Treasury determines the market-clearing

price by aggregating the quantity bids for each point on the price grid
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and finding the price at which the total demand falls just short of the total
supply:

pk� : k� ¼ minfk :
XN
i¼1

yik)Qg14

At the market-clearing price, pk�

yiðpk� Þ ffi Q�
XN
j 6¼i

yjðpk�Þ

In words, pk� is the price at which the bid schedule from bidder i intersects
residual supply, where residual supply is the aggregate rival bid schedule
subtracted from the total quantity supplied.Define the distribution function
of the market-clearing price conditional on submitting the bid vector of
bidder i;~yi as:

Hðpk;~yiÞ � Pr yik � Q�
XN
j 6¼i

yjk

( )
¼ Prfpk� � pkj~yig

Intuitively, this says that conditional on bidder i submitting a particular bid
function~yi, the probability that there is excess supply at any price pk is given
byH( � ). Because excess supply at price pk implies that the market-clearing
price is lower than pk, H( � ) also defines the probability that the market-
clearing price pk� is less than pk. H( � ) allows us to collapse all uncertainty
faced by bidder i into a single function. In particular, private information
possessed by rival bidders determines the rivals’ bid schedules and, hence,
the market-clearing price. Because bidder i does not know rivals’ private
informationwhen submitting her bid, the bidder faces uncertainty regarding
the equilibrium market clearing price. The distribution of market-clearing
price is assumed to be continuous and differentiable with respect to the
quantity. Below we use data from the auctions to estimateH( � ). We model
equilibrium behavior under two auction formats, so let the conditional
distribution of the market-clearing price be given by H( � ) for discrimina-
tory auctions and G( � ) for uniform-price auctions.

Discriminatory Auction In the discriminatory auction, the ex-
pected payoff of a risk neutral bidder who submits the bid vector, ~yi is

14 This definition of the market-clearing price avoids the complication posed by rationing.
Rationing occurs when the total supply intersects aggregate demand at a flat spot in the
aggregate demand step function – more units are demanded than are available at the market-
clearing price. Participants involved in the Korean auctions claim that rationing is not a major
factor. Nevertheless, when we compare the revenue or surplus below, we apply the actual
rationing rule used by the Treasury.
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given by:15

XKþ1
k¼0
½PrfMktClr P ¼pk;~yg� � fpayoff on bids*pkg

¼
XKþ1
k¼0
½Hðpk;~yÞ �Hðpk�1;~yÞ� �

XKþ1
j¼k

Z yj

yjþ1

vðq; tiÞdq�pjðyj � yjþ1Þ
 !

The bidder maximizes expected profits by choosing price-quantity bid pairs
subject to two constraints: (1) a maximum of five bid pairs, and (2) the bid
schedule is monotonic. Because many bidders do not fully utilize the five
available bidpoints, we exclude the number of bidpoints restriction.16 The
monotonicity restriction is explicitly incorporated into the formulation. In the
main text, we show the first-order necessary conditions and provide intuition
for their interpretation. The derivations can be found in the Appendix.
If the bidder submits strictly increasing quantity bids at every point on the

price grid, then themonotonicity constraints are not binding, lk ¼ 08k. The
first-order condition expresses valuation as function of price and a ‘bid
shading’ term:

vðyk; tiÞ ¼ pk þ
Hðpk�1Þ½pk � pk�1�
HðpkÞ �Hðpk�1Þ

�
@HðpkÞ
@yk

R yk
ykþ1

vðq; tiÞdq�pkðyk � ykþ1Þ
� �

HðpkÞ �Hðpk�1Þ

We could use this first-order condition to estimate the valuation function if
bidders submitted unique quantity bids at every price on the price grid.
However, in our data the bidders submit unique quantity bids at only a
subset of the possible prices. If a bidder does not submit a unique quantity at
pk, then implicitly yk 5 ykþ 1.
In the discriminatory auction, there are several possible interpretations of the

fact that a bidder does not submit a bid at every possible price point. One
possibility is that there is some (unmodeled) cost to adding a bidpoint, and that
cost outweighs the expectedbenefitsof ‘fine tuning’ thebid function. Intuitively,
adding an additional bidpoint at some locationsmay yield only a small amount
of additional expected profit, and a bidder may not find it worthwhile to
compute and submit that bidpoint. Kastl [2006] derives a model of bidding in

15Because bidders are assumed to be symmetric, the derivation suppresses the i subscript.
16Kastl [2006] interprets utilizing less than themaximumallowable bidpoints as there being a

cost to submitting refined bid functions, and he describes amethod to estimate the implicit cost
of ‘finetuning’ bid functions. Market analysts who were involved in the design of the Korean
market say that market participants were asked about the maximum number of bidpoints that
should be allowed; most participants suggested that 4-5 points would be sufficient to create a
flexible bid function and that allowing more bidpoints was not useful.
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step functions that explicitly incorporates the cost of submitting bidpoints, and
heestimatesboundson these costsusingbiddata in theCzech treasuryauctions.

Another interpretation, suggested by Nautz [1995] and Hortaçsu [2002], is
that themonotonicity constraint is binding at the unobserved bidpoints. In the
discriminatory auction, a sufficient condition for the monotonicity constraint
to bind is that the distribution of the market-clearing price is flat across the
unobserved bidpoints (i.e., H(pj)5H(pj� 1) at unobserved bidpoint j). For
example, suppose a bidder submits bids at p2 and p5 but not at p3 and p4.
Intuitively, there is nox3 satisfyingx5ox3ox2 thatwould change themarket-
clearing price, and thus the probability of ‘winning’, under any possible
realization of residual supply. This is shown in detail in the Appendix. In our
model of the discriminatory auction, unobserved bidpoints (or ‘zero bids’) are
consistent with either interpretation. However, this is not the case for the
uniform-price auction in which we must impose more structure on the data, as
we show below.

As shown in the Appendix, we can express the valuation at each observed
bidpoint in terms of only the observed bidpoints. Letting km index the
observed bidpoints, the first-order condition can be written as:

ð1Þ vðykm ; tiÞ ¼ pkm þ
Hðpkm�1Þ½pkm � pkm�1 �
HðpkmÞ �Hðpkm�1Þ

�
@Hðpkm Þ
@ykm

R ykm
y
kmþ1

vðq; tiÞdq�pkmðykm � ykmþ1Þ
� �

HðpkmÞ �Hðpkm�1Þ

In order to calculate the integral involving v(q,ti), we need to know the
functional formof thevaluation functionbetweenbidquantities.Weassume the
marginal valuation function is a step functionwhich assumes constant values of
v(yk

m) on (yk
mþ 1, yk

m), as illustrated in Figure 1.17 The integral in the above
equation becomes vðykmÞðykm � ykmþ1Þ:Thus, we have derived a set of linear
equations that we can solve to estimate the marginal valuation step function.

Uniform-PriceAuction In the uniform-price auctionwhere the bid vector
is denoted, x

*
i, the expected payoff is given by:

XKþ1
k¼0
½PrfMktClr P ¼ pkÞ � ðpayoff if MktClr P ¼ pkÞ�

¼
XKþ1
k¼0
½Gðpk; ~xÞ � Gðpk�1; ~xÞ�

Z xk

0

vðq; tiÞdq�pkxk
� �

17McAdams [2006] shows that under weaker assumptions of non-negative marginal values
and/or non-increasingmarginal values, one can compute boundsonmarginal valuations.Also,
Kastl [2006] describes necessary conditions and techniques for non-parametrically identifying
the full marginal valuation function.
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As with the other format, if the bidder submits strictly increasing quantity
bids at every point on the price grid, then the monotonicity constraints
are not binding, lk ¼ 08k. The first-order condition can be written so
that valuation at each bidpoint is a function of the price plus a ‘bid shading’
term:

vðxk; tiÞ ¼ pk �
@GðpkÞ
@xk

R xk
xkþ1

vðq; tiÞdqþpkþ1xkþ1 � pkxk

� �
GðpkÞ � Gðpk�1Þ

In our data, we observe unique bid quantities for only a subset of the
prices on the price grid. In order to express the valuation as a function
of the observed bidpoints, we must impose more structure on the data.
In particular, we require that G(pj)5G(pj� 1) at unobserved bidpoints
j in order to derive an expression for valuation at the observed bidpoints.
Intuitively, if the bidder submits unique bidpoints at, say p5 and p2 but
not at p3 and p4, the bidder believes that between p5 and p2, the rivals
will not submit bids that will cause residual supply to be between x5
and x2. Further details and intuition are provided in the Appendix.
Note that in the other case of the discriminatory auction, this restriction
is sufficient, but the first-order conditions could be expressed even if
the condition does not hold (and instead there were costs to adding
bidpoints).

Pk3

Pk2

Pk1

yk3  yk2 yk1

V(yk3) 

V(yk2) 

V(yk1) 

Figure 1

Illustration of Step Valuation Function
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Letting km index the observed bidpoints, the first-order condition can be
expressed as:

ð2Þ vðxkm ; tiÞ ¼ pkm �
@Gðpkm Þ
@xkm

R xkm
x
kmþ1

vðq; tiÞdqþpkmþ1xkmþ1 � pkmxkm
� �

GðpkmÞ � Gðpkm�1Þ

If we assume that the marginal valuation is a step function as in the
discriminatory case, the integral in the above equation becomes:
vðxkmÞðxkm � xkmþ1Þ: This yields a set of linear equations that we can solve
for vðxkm ; tiÞ.

To provide intuition behind these equilibrium conditions (1) and (2), it
would help to analyze the first-order conditions when bidders choose
smooth continuous functions rather than discrete step functions. In the
continuous bid function formulation ofWilson’s share auctionmodel, firms
submit bid schedulesy(p)andx(p), and themarket clearingprice (pc) canbe

defined as yiðpcÞ ¼ Q�
PN
j 6¼i

yjðpcÞ. The first order conditions for the two

auction formats are given by:18

Discriminatory auction:

ð3Þ vðyiðpÞ; tiÞ ¼ pþ Hðp; yiðpÞÞ
Hpðp; yiðpÞÞ

Uniform-price auction:

ð4Þ vðxiðpÞ; tiÞ ¼ p� Gxðp; xiðpÞÞ
Gpðp; xiðpÞÞ

� xðpÞ

First, consider the discriminatory auction where the bidder pays the price
bid on each unit that is won. The true valuation is the bid price plus a bid
shading term given byH/Hp. The denominator of the bid shading term is the
density of the market clearing price. The numerator is the probability that
the market-clearing price is less than p. For prices much higher than the
expected market-clearing price, the numerator is close to one, so the
markdown is large. Bidders significantly shade bids that are ‘likely to be’
inframarginal because lowering the bid price lowers the payment for that
unit but does not significantly lower the probability of winning the unit.
However, as the bid price becomes closer to the expected market clearing
price, the shading term is smaller. For units more ‘likely to be’ marginal, the
bid shading is smaller because a lower bid price is trading off the lower
payment conditional on winning against the lower probability of winning.

18 For the reader’s reference, a derivation for the continuous case is in the supplementary
section.
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Next, consider the logic behind the first-order condition for the uniform-
price auction (4) where the bidder pays themarket-clearing price for all units
won. Again, the true value is the bid price plus a bid shading term that is
increasing in the number of units won, x(p). The ratio in the bid shading
factor is givenbyGx /Gp. The denominator is again the density of themarket-
clearing price. The numerator is the effect of increasing the bid quantity
(holding price constant) on the distribution of the market-clearing price.
Increasing the quantity demanded will increase the expected market-
clearing price and therefore decrease the probability that themarket clearing
price is less than a given p, soGx �5 0. Intuitively, as long as a bid price has
some probability of setting the market-clearing price, the bidder will shade
her bid for that unit. Bidders shade their bids more for higher quantities
(holdingGx /Gp constant) because the lowermarket-clearing price lowers the
price paid on all inframarginal units. This first-order condition is analogous
to a monopsony buyer who faces uncertain residual supply and ‘withholds’
demand in order to reduce the market price.
The intuition from the first-order conditions of the continuous bid

function case carries over to the discrete formulation. Ifwe compare the first-
order conditions (1) and (3) for the discriminatory format, it is straightfor-
ward to see the similarity. The discrete first-order condition is analogous to
the continuous one with an additional term that accounts for the marginal
effect of bidding on expected payoffs for quantities between bidpoints.
Similarly for uniform-price auctions, equation (2) is a discrete analog to (4).
It is worth noting that recent work by Kastl [2006] shows that estimating

bidders’ marginal valuations using a model assuming continuously
differentiable bid functions may introduce some bias. In his model of
equilibriumbidding in step functions (which differs fromour formulation of
step function bidding), a bidder may bid a price higher than his marginal
valuation. The intuition is most easily understood for a price-taker where
there is no bid shading factor; the bidder equates marginal value with the
expectation of the market-clearing price, conditional on her bid. In a
uniform-price auction with steps, there may be positive probability that the
market clearing price is below the bid price, so bids in equilibrium may be
above the marginal value. As a result, the ex post revenue generated by an
auction with step functions could be higher than revenue from a multi-unit
Vickrey auction in which bidders bid their true marginal valuation.

III(ii). Empirical Strategy

For each auction, we estimate each bidder’s valuation function using the
first-order conditions (1) and (2). We use the estimated valuations to
construct counterfactual measures of efficiency and revenue if each auction
had been conducted under alternative auction formats. Note that (1) and (2)
express unobserved bidder valuations’ entirely as functions of observed bids
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and the distribution of the market-clearing price (H( � ) and G( � )). If we
estimate the distribution of market clearing price, thenmarginal valuations,
v(q(p,ti),ti), corresponding to each point on the bid function, q(p,ti), can be
identified.
Hortaçsu [2002] proposes a resampling procedure to estimate H( � ) and

G( � ). In order tomotivate the procedure, consider themost straightforward
(yet infeasible) approach. Suppose that the researcher knew the distribution
of bidders’ private signals and could compute the equilibriummapping from
signals to bids. The researcher would simulate N draws from the signal
distribution, compute the equilibrium bid for each of theN bidders, and find
the market-clearing price. By repeating this procedure a large number of
times, the researcher could construct the distribution of market-clearing
prices. Unfortunately, data are not available on the signal distribution and
the literature does not provide closed-form solutions to equilibrium bids of
multiunit discriminatory and uniform-price auctions.
However, we can estimateH( � ) andG( � ) bymaking assumptions about

how the observed bids are generated. Under our model of equilibrium
bidding, firms have a common prior on the distribution of independent
private signals and an equilibrium mapping from those signals to the
expected profit-maximizing bids. If firms are playing a pure strategy
Bayesian-Nash equilibrium of the game, then the observed bids capture
firms’ beliefs about the distribution of the market-clearing price. Hortaçsu
[2002] suggests a resampling procedure that allows us to recover estimates of
H( � ) and G( � ) from observed bids. This approach is appealing because it
neither requires us to know (or assume) the distribution of private values nor
compute a closed-form representation of the equilibrium bidding strategy.19

The resampling procedure in Hortaçsu [2002] is given by:

1. Fix bidder i among the Nt bidders in auction t.
2. From the sample of Nt bid vectors in auction t, draw a random

sample of (Nt -1) bid vectors with replacement where a probability
(1/ Nt) is placed on each vector from the original sample.

3. Using bidder i’s observed bid vector and the (Nt -1) resampled bid
vectors, find the market-clearing price where aggregate demand
equals total supply. This yields a resampled realization of the
market-clearing price, conditional on bidder i’s bid vector.

4. Repeat steps 1-3 for each bidder B (a large number) times.
5. Repeat steps 1-4 for each bidder i in auction t.

19 This resampling approach is an extension ofworkbyElyakime, Laffont, Loisel andVuong
[1994] and Guerre, Perrigne and Vuong [2000]. This approach uses nonparametric techniques,
but parametric approaches also are available. For example, seeDonald andPaarsch [1993] and
Laffont, Ossard and Vuong [1995].
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This procedure yields a resampled distribution of market-clearing prices for
each bidder in each auction, conditional on the bidder’s observed bid vector.
Hðp; y*iÞis estimated by counting the fraction of draws when the resampled
market-clearing price is less than any given p. Hortaçsu [2002], Proposition
1, part 2 derives conditions for the consistency of the resampling estimator
using data from a single auction.20

Our analysis of the uniform-price auction requires an estimate of Gx(p,xi
(p)). To estimate this, we use the fact that the distribution of the market-
clearing price can be represented as a function of the sum of N-1 rivals’ bid
quantities which are i.i.d. random variables from the perspective of bidder i.
That is:

Gðpk; xiðpÞÞ ¼ Prfpk� � pkjxiðpÞg ¼ PrfxiðpkÞ � Q�
X
j 6¼i

xjðpkÞg

In words, given a price pk, the probability that the market-clearing price is
less than or equal to this price is the same as the probability that firm i’s
quantity demand bid is less than residual supply at pk. Let residual supply at
p, denoted RSi(p), represent the deterministic total supply net of the
stochastic aggregate rival demand. Let F(xi (pk)) and f(xi (pk)) denote the
cdf and pdf of RSi(pk) conditional on xi (pk), then G(pk,xi (pk))5 1- F(xi
(pk)). Hence,

Gxðpk; xiðpÞÞ ¼
@

@x
ð1� PrfRSiðpkÞ)xiðpkÞgÞ

¼ @

@x
f1� FðxiðpkÞÞg ¼ �f ðxiðpkÞÞ

Because the resampling estimator provides B resampled residual supply
functions, we can estimate f(xi (pk)) at any price using kernel estimation.21

To summarize, we use the observed bids and estimates of H(p,yi) and
G(p,xi) and derivatives of these distribution functions to estimate each
bidder’s valuation function in each auction.

20 The estimator is consistent as Nt goes to infinity. In addition, a slight modification is
required so the estimator is centered around the expectation of themarket-clearing price rather
than the observed market-clearing price. Hortaçsu [2002] conducts aMonte Carlo experiment
and finds that the estimator described above without recentering performs quite well.

21We use a normal kernel function with bandwidth h set equal to the standard deviation of

resampled residual supplies multiplied by B-1/5. Ĝxðpk; xðpÞÞ ¼ � 1
Bh

PB
i¼1

K RSiðpkÞ�xðpkÞ
h

� �
.

Alternatively, we calculate Gx(.) numerically using
Gðx;pkÞ�GðxþDx;pkÞ

Dx for ‘small’ Dx, but the
results are very similar. We also use this approach to calculate Hy() in the discriminatory
auction first-order condition.
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IV. RESULTS

IV(i). Illustration of Bids and Estimated Valuations

We illustrate our procedure by showing estimates ofmarginal valuation and
the distribution of themarket-clearing price for a bidder under each auction
format.As an example of the discriminatory auctions,we choose the auction
ofNovember 15, 1999, inwhich 28 bidders (14 banks and 14 security houses)
competed to purchase securities for what amounted to 1,184.9 billion KW
(about $10 billion). A total of 108 bid points were submitted and 56 bids
(52%) were successful. The cutoff yield was 8.37%. After converting the
yield to price by setting this cutoff yield to be 10,000 KW, the range of bid
prices was from 9,971.14 KW to 10,013.15 KW. Figure 2 depicts the
aggregate bid functions.
We illustrate the estimation procedure for primary dealer #S11 who

submitted 5 price-quantity pairs, as shown in Figure 3. This bidder’s highest
price bid was for a quantity comprising 6% of total supply and the lowest
priced bid is for a quantity comprising 24% of supply. To estimate the
marginal valuation function for PD#S11, we hold its bid constant. Then, we
generate a random draw of 27 bid vectors from the sample of 28 bid vectors
with replacement, giving equal probability of 1/28 to each bid vector in the
original sample. This resampling is performed 5,000 times to generate
5,000 � 27 resampled bid vectors and 5,000 residual supply curves. By
intersecting these 5,000 residual supply curves with PD #S11’s bid function,
we calculate 5,000 market clearing prices. From these 5,000 resampled
market clearing prices, we construct the estimated distribution of market
clearing price, H( � ), by counting the frequency with which a given price
level is above the market clearing price. Finally, we evaluate the first-order
condition (1) with the observed bids and the estimatedH( � ) to estimate the
marginal valuation at each bidpoint.22

Figure 3 illustrates the marginal density of the market clearing price and
the recovered marginal valuations for each observed bid point. Recall that
bid shading is increasing in H( � ), the probability that the market-clearing
price is less than the bid price, and decreasing in Hp, the density of the
market-clearing price. The estimated value is significantly larger than the bid
price for PD #S11’s highest priced bid because the market-clearing price is
unlikely to be that high. For lower priced bids, the estimated value is just
above the valuation because there is a smaller probability that the price will
be below that bid.
One complication is that we may be unable to recover the marginal value

for the lowest bid price either because we assumeH(p0)5 0, for p0o pk1 so
thatHðpk1�1Þin the numerator of (1) becomes zero, or because at sufficiently

22 For comparison, we also estimate marginal valuation using the continuous first-order
condition, and show results in the supplementary section.
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low prices HðpkÞ �Hðpk�1Þ in the denominator is zero. This presents a
practical problem for using estimated valuations in an aggregate analysis.
We circumvent this problem by setting some restrictions on the valuation
structure. One restriction is that the valuation function is weakly decreasing
in quantity, and the other is that at lower price ranges below the expected
market-clearing price, bidders are assumed not to shade prices below
valuation. Therefore, if we fail to recover the true value for awinning bid, we
assign vk 5max(pk, vk� 1) at that point, where pk is the bid price, and vk� 1

is the recovered value at the next lowest bid price. If the missing value
occurred at a losing bid, we assign its bid price as its true value. For example,
in Figure 3, the valuation of the lowest bid price could not be estimated and
was filled in with its bid price.23 Table II shows the estimated valuations and
jackknife standard errors. The estimates are much more precise for bids in
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Figure 2

Discriminatory Auction of November 15, 1999. Aggregate Bids and Estimated Valuations.

Note: The large graph focuses on the region surrounding themarket-clearing price. The estimated

valuation for the lowest quantity bids are not displayed. The inset graph contains all bids and

estimated valuations

23 Bids for which we could not recover the estimated valuation tend to occur at relatively low
prices. We recover valuations for 67% of bids – 86% of bids above the market-clearing price
and 55% of bids below the market-clearing price. Our rule for assigning valuation if it cannot
be recovered can be seen as a lower bound and thus we may understate Vickrey revenues.
However, our relatively high recovery rate for winning bids suggests that this bias is unlikely to
be severe for purposes on comparing revenues.

EFFECTS OF AUCTION FORMAT IN DIVISIBLE GOODS AUCTIONS 309

r 2008 The Authors. Journal compilationr 2008 Blackwell Publishing Ltd. and the Editorial Board of The Journal of Industrial
Economics.



the price range where many bids occur than in ranges in which bids are
infrequent.24

We repeat this analysis for every bidder in this auction. This gives us 28
bidders’ point estimates of their marginal valuations rationalizing each
price-quantity pair observed in this auction. We calculate the hypothetical
competitive aggregate demand schedule by summing every individual’s
estimated marginal valuations schedule. Figure 2 displays the estimated
aggregate marginal valuation function. The inset graph shows that bids are
substantially flatter than valuations, as we expect for a discriminatory
auction.
Figures 4 and 5 illustrate the bidder-level and aggregate analysis for a

uniform-price auction estimated using equation (2). In the January 7, 2002,
auction, 27 bidders (11 banks and 16 security houses) competed for what
amounted to 1,200 billionKoreanwon (about $10 billion dollars). A total of
118 price-quantity bid pairs were submitted, and 37% of the bids were
successful. The cutoff yield was 6.10% with a range of bid prices from
9,953.84 KW to 10,032.73 KW.
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Figure 3

Discriminatory Auction of November 15, 1999. Bidder #S11

24 The reason for the large standard error for the highest priced bid can be seen in the logic of
the jackknife. Because the jackknife procedure removes a certain bidder’s bid vector from the
resampling set, the standard error can be large in areas where the number of observed bids is
relatively scarce.Usually that area is away from themarket-clearing pricewhereHp is relatively
small.
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Bidder #S2 submitted 5 price-quantity pairs with the largest bid quantity
comprising 6% of total supply. Our model of equilibrium bidding in
a uniform-price auction says that the bid shading is increasing in the
quantity purchased, xi (p), and in the effect of a single PD’s bid on
the market-clearing price Gx. As we see from Figure 5, the estimated bid
shading factor is increasing in quantity for the first bid points. Table II
contains the point estimates and jackknife standard errors of the estimated
valuations.
Figure 4 illustrates the aggregate bid and estimated valuation functions.

As compared to the discriminatory auction in Figure 2, the bid schedule is
much steeper, reflecting the increased incentive to bid shade at larger
quantities in the uniform-price format.

IV(ii). Revenue Comparison

The estimated valuation functions allow us to compare revenue in the actual
auction to revenue under a counterfactual auction format. Unfortunately,
we cannot make a direct revenue comparison because there do not exist
closed-form solutions for multiunit auctions that allow us to use valuations

Table II

Example ofEstimatedMarginalValuations forRepresentative

Bidders under Each AuctionFormat

Discriminatory Auction of November 15, 1999: Bidder #S11

Bid price Quantity Estimated marginal value (SEjack)

10005.26 0.063 10058.26 707.70
10002.63 0.118 10003.16 1.11
10000.00 0.177 10000.25 0.36
9997.37 0.211 9997.60 0.46
9994.74 0.245 – –

Uniform-Price Auction of January 7, 2002: Bidder #S2

Bid price Quantity Estimated marginal value (SEjack)

10013.62 0.008 10013.62 –
10005.45 0.017 10005.49 0.06
10000.00 0.033 10000.57 0.38
9994.56 0.050 10000.66 133.89
9986.39 0.058 – –

Note: The quantity is the ratio of the bidder’s quantity over the total supply. As inHortaçsu [2002], the standard

errors are computed using the ‘jackknife to bootstrap’ method suggested by Efron [1992]. The ‘jackknife to

bootstrap’ standard error for the estimate of the marginal valuation of bidder i for yik units of treasury bills,

s~ejackfv̂ðyikÞgis given by:

s~ejackfv̂ðyikÞg ¼
n� 1

n

X
i

ð�vðÞ � v̂ðiÞðyikÞÞ2
( )" #1=2

where, v̂ðiÞðyikÞ: the bootstrap estimate over a set of resamples that do not contain i’s bid vector

�v0 �
P
i

v̂ðiÞðyikÞ=n
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to compute the equilibriumbidding under all alternative formats. Therefore,
we compare the observed revenue under each format to a common
benchmark for which we can compute equilibrium bidding. We use the
multiunit Vickrey auction as our benchmark. In a Vickrey auction, it is a
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Figure 4

Uniform-Price Auction of January 7, 2002. Aggregate Bid and Estimated Valuations
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Uniform-Price Auction of January 7, 2002. Bidder #S2
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dominant strategy equilibrium to bid the true valuation function. Because
we estimate themarginal valuation function, we can calculate revenue under
a Vickrey auction format and compare to observed revenue under the
discriminatory and uniform-price formats.
In a Vickrey auction to sellM units of a good, the highestM bids win the

good as in any standard auction. An individual bidder winning k units pays
the sum of the kth highest rejected bids other than his own. The Vickrey
payment is depicted inFigure 6.Thepayment of bidder i,Pi, whowins yi (p

c)
is given by:

Pi ¼ yiðpcÞpc �
Z pc

p�i
f1� y�iðrÞgdr

where pc: the market clearing price
p� i: the market clearing price if bidder i had been absent from the auction
y� i ( � ): the aggregate demand of all other bidders
Note that each bidder’s payment is independent of his own bids

conditional on the number of units won. Therefore, bidders do not have
any incentive to shade bids, and consequently truth-telling is an equilibrium
which yields an efficient allocation.

p 

q 

1−y−i (p) 

yi (p) 

pc

p−i 

Figure 6

Payment Rule in Vickrey Auction.

Note: y-i (p) is the aggregate bid function by all bidders except bidder i.

The total supply, Qsupply, has been normalized to 1
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As a common benchmark, we compute an upper bound of revenue under
the Vickrey auction as the market-clearing price under bidding the true
valuation multiplied by the total supply, i.e. pc�Qsupplyin Figure 6.25 This
upper bound for the Vickrey revenue is denoted Rv. We compare Rv to the
actual revenue under either the discriminatory or uniform-price format,
denoted Ra

d and Ra
u respectively. Note that Rv is always larger than actual

revenue in the uniform-price format because Rv is equivalent to revenue in a
perfectly competitive uniform-price auction, and we know that bidders
shade bids in equilibrium.26 However, Rv may be higher or lower than
revenue under the discriminatory auction. Because Ra

u-Rv is necessarily
negative, we can conclude that the discriminatory auction is revenue
superior if Ra

d-Rv is significantly positive.
To illustrate the results, see the examples of aggregate bids and valuations

for both types of auctions. In Figure 2 depicting a discriminatory auction,
the actual revenue is given by the area under the aggregate bid schedule up to
the total supply is $987.67 million U.S. dollars, while the upper bound of
Vickrey revenue, is $987.44 million, representing a 0.023% increase in
revenue relative to our benchmark. In Figure 4 depicting a uniform-price
auction, the actual revenue, which is given by the rectangle formed by the
intersection of the aggregate bid schedule and the total supply, is $1,000.00
million. The upper bound of Vickery revenue, calculated as the rectangle
formed where aggregate valuation intersects supply, is $1000.28 million,
representing a –0.03% revenue loss relative to our benchmark.
We perform the same procedure for all auctions, and Table III and IV

summarize the results. In all discriminatory auctions, the actual revenues are
higher than the benchmark upper bound of Vickrey revenues, with the
revenue gains ranging from 0.02% to 0.10% and averaging 0.04%. In the
uniform-price auctions, any bid shading causes actual revenue to be below
our benchmark. The revenue loss ranges from nearly zero to 0.04% with an
average of 0.027%.
We test whether these differences are statistically significant by account-

ing for the fact that our estimatedmarginal valuations are randomvariables.
We construct bootstrapped standard errors. First, we construct 10,000
resamples of the pair of actual bids and estimated marginal valuations for
each auction. In each resample there are Nt actual bid vectors and Nt

marginal valuations vectors drawn randomly from the original set of bids

25We could compute true Vickrey revenue (i.e., the shaded region in Figure 6 summed over

all bidders). This upper bound exceeds actual Vickrey revenue by
PN
i¼1

R pc
p�i f1� y�iðrÞgdr

� �
.

However, this upper bound is easier to compute and is sufficient to make our revenue
comparisons.

26 The Kastl [2006] caveat regarding bidding above marginal valuation applies here. Kastl
finds evidence of such behavior in 7 of the 28 auctions in his study.
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and the set of estimated marginal valuations vectors, respectively. With
these resamples, we calculate the market clearing price and revenue for each
pair in the resampling and obtain 10,000 differences of Rv andRa. Themean
of the resamples is our estimate of the ex-ante (expected) revenue difference,
and the 2.5th and 97.5th percentiles yield our 95% confidence interval. Table
V shows our results.

Table III

Revenue inDiscriminatoryAuctions vs. Upper Bound ofVickrey

Date
Actual Revenue

(Ra
d, $mill)

Upper Bound of
Vickrey Revenue

(Rv, $mill)
Revenue Difference (%)

(5 [Ra
d–Rv]/Rv)

9/13/1999 1001.26 1000.26 0.100
10/11/1999 1131.55 1131.17 0.033
11/15/1999 987.67 987.44 0.023
1/17/2000 637.33 637.08 0.039
2/14/2000 1023.63 1023.33 0.029
3/13/2000 553.40 553.25 0.027
4/10/2000 700.04 699.92 0.018
5/8/2000 635.11 635.00 0.017
6/12/2000 500.41 500.06 0.071
7/10/2000 488.58 488.33 0.051

Note: Ra
d is actual revenue in the discriminatory auction. Rv is calculated by measuring the rectangle which is

formed by the intersection of the aggregate marginal valuation and the normalized total supply. A positive

revenue difference (%) represents a revenue gain using the actual auction format relative to the benchmark.

Table IV

Revenue inUniform-Price Auctions vs. Upper Bound ofVickrey

Date
Actual Revenue

(Ra
u, $mill)

Upper Bound of
Vickrey Revenue

(Rv, $mill)
Revenue Difference (%)

(5 [Ra
u–Rv]/Rv)

8/14/2000 500.00 500.13 � 0.027
9/18/2000 750.00 750.01 � 0.002
10/9/2000 750.00 750.20 � 0.027
11/13/2000 791.67 791.88 � 0.027
1/8/2001 625.00 625.19 � 0.031
2/5/2001 641.67 641.84 � 0.028
3/12/2001 416.67 416.78 � 0.027
4/2/2001 666.67 666.91 � 0.037
5/7/2001 500.00 500.20 � 0.040
6/4/2001 333.33 333.42 � 0.027
7/2/2001 333.33 333.42 � 0.025
8/6/2001 583.33 583.49 � 0.028
9/3/2001 708.33 708.53 � 0.028
10/8/2001 741.67 741.83 � 0.022
11/7/2001 625.00 625.07 � 0.012
12/3/2001 925.00 925.26 � 0.028
1/7/2002 1000.00 1000.28 � 0.028
2/4/2002 333.33 333.42 � 0.027
3/4/2002 416.67 416.81 � 0.034
4/1/2002 475.00 475.13 � 0.027

Note: Ra
u is actual revenue in the uniform-price auction. Rv calculation is described in Table III. A negative

revenue difference (%) represents a revenue loss using the actual format relative to the benchmark.
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For most of the uniform-price auctions, we cannot reject that the actual
revenue is less than our benchmark. Actual revenues are bounded above by
our benchmark, but the differences are not statistically significant. Because
our benchmark revenue and actual revenues are identical under perfectly
competitive bidding, these results suggest that the individual bidders do not
possess a large amount of ‘market power.’ However, the discriminatory
auctions yield higher expected revenue than our benchmark in all auctions.
These results provide evidence that thediscriminatoryauctions inKorea yield
higher expected revenue than uniform-price auctions.
Although we find statistically significant differences between the revenue

of each format, the economic differences are arguably small. These results

TableV

Test for ExpectedRevenueDifference (Ho:Ra�Rv 5 0)

Format Date 95% Confidence Interval for Ra–Rv
w Test Result

D 9/13/1999 [0.0001, 2.098] Reject
D 10/11/1999 [0.232, 0.681] Reject
D 11/15/1999 [0.162, 0.535] Reject
D 1/17/2000 [0.134, 0.321] Reject
D 2/14/2000 [0.174, 0.430] Reject
D 3/13/2000 [0.093, 0.247] Reject
D 4/10/2000 [0.018, 0.301] Reject
D 5/8/2000 [0.088, 0.262] Reject
D 6/12/2000 [0.108, 0.835] Reject
D 7/10/2000 [0.108, 0.487] Reject

UP 8/14/2000 [� 0.266, 0] Not reject
UP 9/18/2000 [� 0.756, 0.987](� 0.791, 0) Not reject (not reject)
UP 10/9/2000 [� 0.374, 0.069] (� 0.286, � 0.005) Not reject (reject)
UP 11/13/2000 [� 0.425, � 0.023] Reject
UP 1/8/2001 [� 0.363, 0.019] (� 0.303, 0) Not reject (not reject)
UP 2/5/2001 [� 0.707, 0] Not reject
UP 3/12/2001 [� 0.453, 0] Not reject
UP 4/2/2001 [� 1.080, 0] Not reject
UP 5/7/2001 [� 0.343, 0] Not reject
UP 6/4/2001 [� 0.105, 0] Not reject
UP 7/2/2001 [� 0.276, 0] Not reject
UP 8/6/2001 [� 0.350, 0] Not reject
UP 9/3/2001 [� 0.589, 0] Not reject
UP 10/8/2001 [� 0.424, 0] Not reject
UP 11/7/2001 [� 0.350, 0.142] (� 0.267, 0) Not reject (not reject)
UP 12/3/2001 [� 0.763, � 0.253] Reject
UP 1/7/2002 [� 0.541, 0] Not reject
UP 2/4/2002 [� 0.146, 0] Not reject
UP 3/4/2002 [� 0.254, 0] Not reject
UP 4/1/2002 [� 0.379, 0] Not reject

Note: Ra–Rv is the difference in revenue between the actual format used and our benchmark upper bound of

Vickrey revenues.
wIn four of the uniform-price auctions, the confidence intervalswe compute include realizationswhere the actual

revenue exceeds the Vickrey revenue (Ra
u–Rv4 0), which cannot occur if bid shading is non-positive. These

results are driven by the part of the bid shading factor in the first-order condition (2) that accounts for quantities

between the bidpoints which, in some cases, can take negative values. These terms are small and do not change

the qualitative results. Therefore, we include in parentheses the confidence intervals computed without these

terms.
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suggest that individual bidders do not have strong incentives to shade
marginal bids. To see this, consider the source of incentives to bid shade
under both formats from equations [3] and [4]. In uniform-price auctions, a
bidder shades bids below valuations if the bidder can change the market-
clearing pricewith her bid, i.e.,Gxo 0 and the bidder has ‘market power.’As
the number of bidders grows large, the influence of a single bidder on the
market-clearing price is smaller and bidders have incentives to bid their true
valuation. Similarly, in a discriminatory auction, bidders have strong
incentives to shade inframarginal bids but low incentives to shade marginal
bids. Swinkels [1999] shows that as the number of bidders goes to infinity,
bidders behave as price-takers at the market-clearing price. Intuitively, if
there are enough firms so that there is no uncertainty about the market-
clearing price, each bidder acts as a price-taker at that price. In the limit, the
discriminatory auction is efficient. Consequently, both formats yield similar
bid schedules and revenue in auctions with a large number of firms.
An explanation for the small percentage differences in revenue under each

format is that the primary dealers in Korea operate in a fairly competitive
market. Under either format, the bidders have little incentive to shade their
marginal bids if they are essentially price-takers on a very elastic residual
supply. A proxy for competitiveness is the ex-post residual supply elasticity
at themarket-clearing price.We calculate the residual supply elasticity at the
market-clearing price of the largest bidder in each auction. Under auctions
of both formats, the residual supply is very elastic. In the ten discriminatory
auctions, the elasticity ranges from334 to 1,355with amean elasticity of 919.
The elasticities in the uniform-price auctions are smaller but still very elastic
averaging 512. This suggests that bidders have low incentives to exercise
monopsony power. These large residual supply elasticities help explain
statistically different revenues that represent only a very small difference in
absolute revenue. If the bidders are in equilibria of the discriminatory and
uniform-price auctions that are close to the competitive equilibrium, then
the auction formatsmay yield statistically different expected revenue that do
not significantly differ in percentage terms.
It is noteworthy that Hortaçsu finds that the Turkish discriminatory price

auction also yields higher revenue than the Vickrey benchmark. However,
the difference in percentage terms is substantially larger than we find in
Korea. Hortaçsu finds that ex-post revenues are 3.8% higher than the ‘best-
case’ uniform price auction where bidders bid their true values (and this
represents an upper bound for Vickrey revenues).
Finally, we should note that our revenue ranking is unlikely to be affected

by the private values assumption. In the discriminatory auction, our
estimates of the benchmarkVickrey revenues are likely to be biased upwards
if the actual value structure has a common value component, as we describe
below. Because we find actual discriminatory revenues to be higher than our
estimates of Vickrey revenues, we can still conclude that actual discrimi-
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natory revenues are greater than Vickrey revenues. For a full derivation of
the sign of the bias, see Hortaçsu [2002], Proposition 2. Briefly, it can be
shown that optimal bidding in a multi-unit discriminatory auction with
common values involves shading bids to adjust for a winners’ curse. This
winners’ curse adjustment is exactly the difference between (a) the first-order
condition (3) used to estimate the valuation (and equilibrium Vickrey bids)
under private values, and (b) the equilibrium Vickrey bids under affiliated
values. Thus, using the first-order condition under private values will
overstate Vickrey revenues if values are actually affiliated. Unfortunately, it
is difficult to quantify the sign of any bias in the uniform-price auction.

IV(iii). Efficiency Comparison

We can compute the efficiency of each format by measuring whether the
actual format allocates the treasury bills to the bidders with highest
valuations. Unlike previous research that analyzes only one format, we can
compare the efficiency of discriminatory and uniform-price auctions
because we observe both in Korea. It is worth emphasizing that one must
observe actual bidding under both formats to compare the efficiency
properties, while bidding data under a single format may suffice to compare
the revenue properties. The reason is straightforward. It is possible to
compare the revenue by observing bidding under just the discriminatory
format because the Vickrey auction benchmark is an upper bound of
uniform-price revenue and is possibly smaller than revenues under the actual
discriminatory auction (as we find above).27 However, both the uniform-
price and discriminatory formats are in general inefficient relative to the
Vickrey auction, so a bounding argument cannot be used for efficiency. As a
result, the Korean Treasury’s change in auction format provides a unique
opportunity to study the efficiency properties of the two auction formats.
We measure efficiency loss as the difference in total surplus under the

efficient allocation (e.g., a Vickrey auction) and the total surplus achieved
under the allocation generated by the actual auction. Because we have
estimated the marginal valuation for each bidder, it is straightforward to
calculate surplus under each scenario.
Results are reported in Table VI. The efficiency loss is relatively small

under both formats, which appears to reflect the fact that both mechanisms
are asymptotically efficient as the number of firms grows large. The
efficiency loss in uniform-price auction averages only 0.042%, but is still
over 20 times larger than the average inefficiency in discriminatory auctions
of 0.002%. If we analyze efficiency auction by auction, we see that there is

27 This bounding approach is not applicable if the researcher only observes data from a
uniform-price auction because the discriminatory auction revenues can be above or below the
Vickrey revenues.
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some variation across auctions of the same format. However, the least
efficient discriminatory auction is more efficient than all but three of the
uniform-price auctions.
Although the efficiency losses are small under each format, we can

nevertheless address the relative efficiency. In general, there is no efficiency
ranking of the two formats in a multiunit setting (Ausubel and Cramton
[2002]). The efficiency depends upon the structure of demand and the level of
asymmetry across bidders. Inefficiency arises in the discriminatory auction
because of differential incentives to bid shade across units. Theory does not
predict whether this inefficiency is more likely to be generated by large or
small firms.

TableVI

EfficiencyLossesUnder Each AuctionFormat

Format Date

Total Surplus (mill $US)

% Efficiency LossEfficient Allocation Actual Allocation

D 9/13/1999 1029.365 1029.299 0.006
D 10/11/1999 1132.345 1132.344 0.000
D 11/15/1999 990.443 990.439 0.000
D 1/17/2000 637.686 637.685 0.000
D 2/14/2000 1026.273 1026.273 0.000
D 3/13/2000 553.910 553.910 0.000
D 4/10/2000 704.670 704.670 0.000
D 5/8/2000 640.417 640.417 0.000
D 6/12/2000 533.415 533.396 0.004
D 7/10/2000 493.887 493.844 0.009
D Mean 774.241 774.228 0.002

UP 8/14/2000 500.583 500.491 0.018
UP 9/18/2000 750.552 750.539 0.002
UP 10/9/2000 750.679 750.396 0.038
UP 11/13/2000 792.418 791.973 0.056
UP 1/8/2001 626.068 625.581 0.078
UP 2/5/2001 643.132 642.972 0.025
UP 3/12/2001 417.423 417.265 0.038
UP 4/2/2001 669.816 667.727 0.312
UP 5/7/2001 500.673 500.584 0.018
UP 6/4/2001 333.741 333.657 0.025
UP 7/2/2001 333.701 333.696 0.001
UP 8/6/2001 584.064 583.942 0.021
UP 9/3/2001 709.402 709.216 0.026
UP 10/8/2001 742.580 742.431 0.020
UP 11/7/2001 625.715 625.644 0.011
UP 12/3/2001 926.366 925.814 0.060
UP 1/7/2002 1001.124 1001.032 0.009
UP 2/4/2002 333.611 333.564 0.014
UP 3/4/2002 417.172 417.042 0.031
UP 4/1/2002 475.492 475.330 0.034
UP Mean 606.716 606.445 0.042

Notes:

Surplus under efficient allocation is the total surplus if theK units sold go to bidders with the highestKmarginal

valuations. Surplus under actual allocation is the total surplus if the K units sold go to bidders with the highest

K marginal bids.
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In the uniform-price auction, inefficiency results from demand-reduction
in order to lower the price paid on inframarginal units. For example, large
bidderswithmore ‘market power’ have greater incentives to reduce demand.
One might conjecture that this demand reduction causes smaller bidders to
win units despite the fact that they have lower valuation. This conjecture is
borne out in the data.We classify each bidder as ‘large’ or ‘small’ based upon
the total bid and total winning bid quantities. For each of the uniform-price
auctions, we calculate the number of each bidder’s bidpoints that did not
‘win’ in the actual auction but would have won in aVickrey auction.We find
that 70% of these bids are submitted by large firms. This represents a
disproportionately large share of bids by large bidders – large firms submit
only 55% of total bids. This suggests that the uniform-price auction shifts
the allocation away from high value large bidders towards lower value small
bidders.

IV(iv). Extending the Model to Allow for Asymmetric Primary Dealers

In this section,we extend themodel to allow for primary dealers to be ex ante
asymmetric by size. Our conclusions are qualitatively very similar, however
the magnitude of some of the revenue and efficiency differences do change.
We divide bidders into two groups and assume the signal distribution to be
equalwithin group anddifferent across group. In theKoreanmarket,we can
expect two possible dimensions of asymmetries: between banks and security
firms, and between large firms and small firms28. The bank-security firm
classification is plausibly a source of asymmetry because these two groups
differ in funding capability and the type of activity in the TB market.29 On
the other hand, the large-small classification focuses on asymmetries in
ability to acquire information. Large bidders may have more advanced
business networks which provide more information to forecast auction
outcomes.We analyze summary statistics and find greater differences in bids
along the large-small dimension.
Suppose that asymmetry is introduced between N1 large firms and N2

small firms. If we assume that the members of each group draw their signals
independently from the distribution F1( � ) and F2( � ) respectively, and the
two distributions are independent of each other, then we can interpret the
residual supply for a large firm as the sum of total N-1 random variables

28 The amount of assets, capital or revenue may be possible criteria for grouping, but these
may not indicate how actively the bidders play in the Treasurymarket. Thus, to classify the size
of the bidders, we use the total bid amounts and the total winning amounts by each bidder. In
order to maintain consistency of the grouping of PDs, we exclude some firms that show a long
discontinuity in participation; as a result, in three of the uniform-price auctions in 2002, we
exclude a firm that actually bid.

29 Banks typically have superior funding capability and are believed to participate in the
auction to hold TBs; security houses are thought to purchase TBs for customers and to trade in
the secondary market.
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which are composed of N1-1 random variables drawn from F1( � ) and N2
drawn from F2( � ) independently. The definition of H( � ) and the form of
the first-order condition that we derived under the symmetric assumption
does not change.30

Table VII compares results under the assumption of either symmetric or
asymmetric signal distributions. The results do not change our qualitative
conclusions that the discriminatory auction yields more revenue and amore
efficient allocation, although the differences are still economically small. In
terms of revenue, the discriminatory auction averages 0.041%more revenue
than theVickrey benchmark under both symmetric and asymmetric bidders.
The uniform-price auction under symmetric and asymmetric bidders yields
0.027% and 0.025% less revenue then the Vickrey benchmark, respectively.
In terms of efficiency, the results are again similar, however, losses for
several of the auctions change quite a bit under asymmetric bidders. On
average, the efficiency losses in discriminatory auctions under symmetry
(asymmetry) are 0.002% (0.003%), while the losses in the uniform-price
auctions under symmetry (asymmetry) are 0.042% (0.060%).
The differences in our estimated efficiency losses under symmetry and

asymmetry highlight the contribution of large and small firms to efficiency
losses. Recall that in section IV(iii) we show evidence that the uniform-price
auction shifts the allocation away from large bidders to lower value small
bidders. The results in Table VII are consistent with this phenomenon.
Theory suggests that the large-small asymmetry is most likely to affect our
results for the uniform-price auction; large bidders exhibit more bid shading
(for large quantities) than small firms in the uniform-price auction, but bid
shading is not necessarily related to firm size in the discriminatory auctions.
When we allow for large and small firms to have different signal
distributions, the estimated efficiency losses change a moderate amount
for the uniform-price auction but very little for the discriminatory auction.

IV(v). Other Robustness Results

In this section, we test for the robustness of our results to the assumptions of
common knowledge of the number of bidders and independence of private
values.

30 The validity of the resampling method is maintained with the asymmetries because the
observed q(p) is assumed to be the outcome of optimal strategic behavior even though the
underlyingmapping now becomes (ti, F1(t), F2(t)) ! q(p,ti) instead of (ti, F(t)) ! q(p,ti).
However, we need to modify the resampling procedure slightly according to which group a
bidder belongs. When resampling bid vectors, if i belongs toN1 group, drawN1-1 bid vectors
fromN1 bid vectors by giving the same probability 1/N1, and drawN2 bid vectors fromN2 bid
vectors by giving the same probability 1/N2. With these resampled bid vectors (N1-1þN2),
construct the residual supply faced by bidder i and intersect i’s actual bid schedule to find
market clearing price. Other steps are the same as the symmetric case.
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The model in section III assumes that the number of bidders in each
auction is common knowledge. However, there is some variation is PD
participation across the auctions. We modify our assumption and allow for
the number of bidders to be uncertain. We assume that the number of
potential bidders is common knowledge (recall that the list of registered PDs
is public information) but the number of actual bidders is stochastic. We
modify our resampling procedure to sample based on the number of
potential bidders. For example, suppose there is an auction with 30
registered PDs, but only 28 bidders actually participate. We resample with
Nt 5 30, and anytime we draw one of the two bidders who did not

TableVII

TestingRobustness toAsymmetricBidders

Format Date

% Efficiency Loss % Revenue Loss

Symmetric Asymmetric Symmetric Asymmetric

D 9/13/1999 0.006 0.006 0.100 0.117
D 10/11/1999 0.000 0.000 0.033 0.033
D 11/15/1999 0.000 0.000 0.023 0.024
D 1/17/2000 0.000 0.000 0.039 0.039
D 2/14/2000 0.000 0.000 0.029 0.029
D 3/13/2000 0.000 0.000 0.027 0.027
D 4/10/2000 0.000 0.000 0.018 0.018
D 5/8/2000 0.000 0.000 0.017 0.018
D 6/12/2000 0.004 0.003 0.071 0.080
D 7/10/2000 0.009 0.025 0.051 0.025
D Mean 0.002 0.003 0.041 0.041
UP 8/14/2000 0.018 0.031 � 0.027 � 0.027
UP 9/18/2000 0.002 0.002 � 0.002 � 0.008
UP 10/9/2000 0.038 0.049 � 0.027 � 0.027
UP 11/13/2000 0.056 0.102 � 0.027 � 0.014
UP 1/8/2001 0.078 0.069 � 0.031 � 0.028
UP 2/5/2001 0.025 0.023 � 0.028 � 0.028
UP 3/12/2001 0.038 0.137 � 0.027 � 0.027
UP 4/2/2001 0.312 0.038 � 0.037 � 0.038
UP 5/7/2001 0.018 0.051 � 0.040 � 0.043
UP 6/4/2001 0.025 0.030 � 0.027 � 0.027
UP 7/2/2001 0.001 0.002 � 0.025 � 0.027
UP 8/6/2001 0.021 0.019 � 0.028 � 0.028
UP 9/3/2001 0.026 0.062 � 0.028 � 0.008
UP 10/8/2001 0.020 0.079 � 0.022 � 0.028
UP 11/7/2001 0.011 0.008 � 0.012 � 0.013
UP 12/3/2001 0.060 0.090 � 0.028 � 0.027
UP 1/7/2002 0.009 0.018 � 0.028 � 0.027
UP 2/4/2002 0.014 0.303 � 0.027 � 0.015
UP 3/4/2002 0.031 0.020 � 0.034 � 0.046
UP 4/1/2002 0.034 0.057 � 0.027 � 0.014
UP Mean 0.042 0.060 � 0.027 � 0.025

Note: The methodology for these computations is described in section IV(iv).

’Symmetric’ are results under the assumption that private values are independent draws from the same signal

distribution.

’Asymmetric’ are results under the assumption that private values are independent draws from one signal

distribution for large firms and another for small firms. Bidders who do not repeatedly participate in auctions

are excluded. Therefore, the ‘symmetric’ results differ slightly from those earlier but are included here for

comparison purposes.
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participate, we include a bid schedule of zero quantity. We find revenue and
efficiency results that are very similar. Table VIII compares the results under
the two resampling procedures. The revenue differences are very similar
under both resamplingmethods: the discriminatory auction averages 0.04%
more revenue under both resampling approaches while the losses in the
uniform-price auction are 0.002% and 0.009% respectively. As for the
efficiency ranking, both methods yield similar results with the exception of
two of the twenty uniform-price auctions when the modified resampling
method suggests the uniform-price auction is even less efficient. Therefore,
our results in terms of ranking and economicmagnitudes donot appear to be
affected by uncertainty in the number of bidders.
We also test our assumption that bidder signals are independent. We

follow an approach similar toBajari andYe [2003] and test for independence

TableVIII

TestingRobustness toUncertainty inNumber ofBidders

Format Date

Revenue Difference(%)
(5 [Ra-Rv]/Rv) % Efficiency Loss

Method #1 Method #2 Method #1 Method #2

D 9/13/1999 0.100 0.115 0.006 0.007
D 10/11/1999 0.033 0.033 0.000 0.000
D 11/15/1999 0.023 0.024 0.000 0.001
D 1/17/2000 0.039 0.039 0.000 0.000
D 2/14/2000 0.029 0.029 0.000 0.000
D 3/13/2000 0.027 0.027 0.000 0.000
D 4/10/2000 0.018 0.018 0.000 0.000
D 5/8/2000 0.017 0.017 0.000 0.000
D 6/12/2000 0.071 0.061 0.004 0.004
D 7/10/2000 0.051 0.025 0.009 0.078
UP 8/14/2000 � 0.027 � 0.027 0.018 0.029
UP 9/18/2000 � 0.002 � 0.002 0.002 0.001
UP 10/9/2000 � 0.027 � 0.027 0.038 0.006
UP 11/13/2000 � 0.027 � 0.019 0.056 1.389
UP 1/8/2001 � 0.031 � 0.043 0.078 0.063
UP 2/5/2001 � 0.028 � 0.028 0.025 0.015
UP 3/12/2001 � 0.027 � 0.027 0.038 0.014
UP 4/2/2001 � 0.037 � 0.037 0.312 0.211
UP 5/7/2001 � 0.040 � 0.054 0.018 0.067
UP 6/4/2001 � 0.027 � 0.027 0.025 0.006
UP 7/2/2001 � 0.025 � 0.023 0.001 0.001
UP 8/6/2001 � 0.028 � 0.055 0.021 0.105
UP 9/3/2001 � 0.028 � 0.031 0.026 0.020
UP 10/8/2001 � 0.022 � 0.028 0.020 0.064
UP 11/7/2001 � 0.012 � 0.028 0.011 0.082
UP 12/3/2001 � 0.028 � 0.028 0.060 0.183
UP 1/7/2002 � 0.028 � 0.028 0.009 0.009
UP 2/4/2002 � 0.027 � 0.024 0.014 0.030
UP 3/4/2002 � 0.034 � 0.055 0.031 0.064
UP 4/1/2002 � 0.027 � 0.027 0.034 0.053

Resamplingmethod#1 is themethodused throughout the paper, and is described in section III(ii).Nt is assumed

to be common knowledge and equal to the number of actual bidders in each auction. Resampling method #2 is

used to test for robustness, and is described in section IV(v).Nt is assumed to be the number of registered PDs,

and when a non-participant in a particular auction is sampled, the bid vector is set to a quantity of 0.
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in a reduced-form setting. Because bids are a function of signals, we test
whether bids are independent after conditioning on a set of variables that are
observable to all bidders at the time of the auction. We model bids with the
following reduced-form:

BIDPRICEit ¼ b0 þ b1TSUPPLYt þ b2DISCRIMt

þb3BANKi þ b4LARGEib5 þUNCERTAINt þ b6SRTRENDt þ eit

where BIDPRICEit is a scalar measure of the probability-weighted average
of each point in bidder i’s bid vector, TSUPPLYt is the total supply sold in
auction t, DISCRIMt is a dummy variable indicating if the format is
discriminatory,BANKi is a dummyvariable indicating if the bidder is a bank,
LARGEi is a dummyvariable indicating if the bidder is classified as large (see
section IV(iv)),UNCERTAINt is the standard deviation of market yields in
the 10 days before the auction, and SRTRENDt is the linearly fitted trend of
resale market rates in the 30 days before the auction. After conditioning on
factors affecting value that are publicly observable, we can interpret eit as a
proxy for privately observed signals. Let the correlation coefficient between
the vectors of residuals eit and ejt be denoted rij. Under the null hypothesis
that signals are independent,Ho: rij 5 0. Using the FisherZ transformation
where Z ¼ 1=2�lnðð1þ rÞ=ð1� rÞÞwith r the sample correlation coefficient,
the test statistic Z

ffiffiffiffiffiffiffiffiffiffiffiffi
T � 3
p

is approximately distributed standard normal
underHo. Among525pairs of bidderswho compete against one another in at
least 4 auctions, the null hypothesis is rejected for 100 pairs (or 19% of the
pairs) at the 5% level.Under independence, only 5%of thepairswould reject
the null. Banks tend to havemorepairswith correlationbetween one another
than do brokerages. Thus, our results above that assume independence
should be viewed in the context that there is some evidence of signal
correlation for at least some of the bidders. However, independence is not
rejected for the majority of the combinations of bidders.

V. CONCLUSIONS

This paper finds that discriminatory auctions of Korean government
securities lead to statistically higher expected revenue to the Treasury than
uniform-price auctions. In addition, the discriminatory format better
allocates the Treasury bills to the highest valuation banks and security
houses. Previous empirical analyses using data from only a single format
have been unable to make such efficiency comparisons. However, the
economic differences are not large – the differences in both revenue and
efficiency are much less than 1% between the two auction formats. We
attribute this small difference to a highly competitive market that mitigates
the strategic differences between the two formats. It is important to qualify
this result by noting that models of bidding in uniform-price and
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discriminatory auctions can have multiple equilibria, and we only
characterize the revenue and efficiency properties for equilibria observed
in the Korean market during our sample period.
Our results suggest that discriminatory auctions inKorea aremore efficient

and yield higher revenue, holding constant the set of bidders. But it has been
argued that uniform-price auctions encourage greater participation because
the strategic information necessary to compete is smaller (Friedman [1960],
Tenario [1993] and Ausubel and Cramton [2002]). In fact, one of the major
reasons that the Korean Treasury switched from discriminatory to uniform-
price was thatmany participants claimed that the switchwould induce greater
participation and more aggressive bidding. For example, consider a small
bidder’s information costs of participating in the auctions. A infinitesimally
small bidderneedsonly toknowher truevaluation to calculate theequilibrium
bid in a uniform-price auction, but needs to knowboth her own valuation and
the distribution of rivals’ bids to calculate the equilibrium bid in a
discriminatory auction. A selling mechanism that encourages participation
and makes bidding more competitive could have important efficiency
implications to balance against the static efficiency implications considered
in this paper. Future work could explore how this change in auction format
changes the long-run number of participants in the Korean auctions.

APPENDIX

DERIVATION OF THE FIRST ORDER CONDITIONS IN DISCRETE CASE

1. Discriminatory Auction31

We model a risk neutral bidder who submits the bid vector ~y : fyo*y1*� � �*yKþ1g
along the arbitrarily fine price grid p0<p1< � � �<pKþ1 with elements separated by Dp.
We make several assumptions about the boundaries of this arbitrarily large price grid.

First, assume that the lowest point on the grid is below the support of the distribution of

the market-clearing price, i.e. H(pk,y(p))5 0 at p0 and any prices below p0. Second,

assume the bidder does not submit a bidpoint at p0, i.e. that the bidder also demands y1
at p0, so that y0 5 y1. Third, assume the bidder submits zero demandat the highest price

on the price grid, pKþ 1, i.e. yKþ 1 5 0, and at all higher prices.

The bidder maximizes expected profit which is:32

XKþ1
k¼1
½PrfMktClr P ¼pk;~yg� � fpayoff on bids*pkg

¼
XKþ1
k¼1
½Hðpk;~yÞ �Hðpk�1;~yÞ� �

XKþ1
j¼k

Z yj

yjþ1

vðq; tiÞdq�pjðyj � yjþ1Þ
 !

31 The derivation for the discriminatory auction follows Nautz [1995] and Hortaçsu [2002].
32 By the first and second assumptions, the expected profit is a summation from

k5 1. . .Kþ 1. The first assumption that H(p0)5 0 also allows us to solve the first-order
condition for the lowest bid price k5 1, as we see below.
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In the summation above, most of the products with H(pk) and all the products with

H(pk� 1) in the next term of the summation will cancel. In addition, the third assump-

tion implies that the partial sum for Kþ 1 is zero. The Lagrangian can be written as:

L ¼
XK
k¼1

Hðpk;~yÞð
Z yk

ykþ1

vðq; tiÞdq�pkðyk � ykþ1ÞÞ þ lkðyk � ykþ1Þ

The first-order condition at each point pk on the price grid from k5 1. . .K is:

½A1�

HðpkÞ½vðyk; tiÞ � pk� þ
@HðpkÞ
@yk

Z yk

ykþ1

vðq; tiÞdq�pkðyk � ykþ1Þ
� �

þ lk

�Hðpk�1Þ½vðyk; tiÞ � pk�1� þ
@Hðpk�1Þ
@yk

Z yk�1

yk

vðq; tiÞdq�pk�1ðyk�1 � ykÞ
� �

� lk�1 ¼ 0

Note that @Hðpk�1Þ@yk
¼ 0 so the next to last term disappears. To see this, recall that the

market-clearing price pk� is defined as the lowest price on the price grid such that there is

excess supply (or alternatively, the lowest price where bidder i’s residual supply is

greater than bidder i’s bid quantity). A change in yi (pk) can affect whether themarket-

clearing price is pk or greater than pk, but it will not affect whether the price is pk� 1 or

below.

If the bidder submits strictly increasing quantity bids at every point on the price grid,

then the monotonicity constraints are not binding, lk ¼ 08k ¼ 1 . . .K . By adding and

subtracting Hðpk�1Þpk and re-arranging, we can solve the first-order condition:

vðyk; tiÞ ¼ pk þ
Hðpk�1Þ½pk � pk�1�
HðpkÞ �Hðpk�1Þ

�
@HðpkÞ
@yk

R yk
ykþ1

vðq; tiÞdq�pkðyk � ykþ1Þ
� �

HðpkÞ �Hðpk�1Þ

However, in our data the bidders submit unique quantity bids at only a subset of the

prices in the price grid. If a bidder does not submit a unique quantity at pk, then

implicitly yk 5 ykþ 1. As we discuss in the main text, there are several possible

interpretations of the fact that a bidder does not submit a bid at every possible price

point. One possibility is that there is some (unmodeled) cost to adding a bidpoint, and

that cost outweighs the expected benefits of ‘fine tuning’ the bid function. Kastl [2006]

derives amodel of bidding in step functions that explicitlymodels the cost of submitting

bidpoints, and he estimates bounds on the marginal cost using bid data in the Czech

treasury auctions. Another interpretation, suggested by Nautz [1995] and Hortaçsu

[2002], is that the monotonicity constraint is binding at the unobserved bidpoints.

A sufficient condition for themonotonicity constraint to bind is thatH(pj)5H(pj� 1)

at unobserved bidpoint j, as shown by Nautz, and is easily verifiable using (A1).

Intuitively, if bidding at a higher price pj instead of pj� 1 cannot increase the probability

of winning, it is not profitable to raise the bid to pj. However, the monotonicity

constraint need not bind in order to express the first-order conditions in terms of only

observed bidpoints, as we show below. (We will show that in the case of the uniform-

price auction, we must impose more structure on the data than in the discriminatory

auction).
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Weneed to express the first-order conditions in terms of only the observed bidpoints.

Suppose that we observe (p2, y2), (p5, y5) and (p6, y6) but do not observe (p3, y3), (p4,

y4). Implicitly the bidder is bidding quantities y5 5 y4 5 y3. If we add the first-order

conditions for k5 3,4,5, then the Lagrange multipliers at the unobserved bidpoints

(l3 and l4)will cancel in successive equations.
33Recognizing that y5 5 y4 5 y3, and then

adding and subtracting H (p2)p5, we obtain:

½A2� vðy5; tiÞ ¼ p5 þ
Hðp2Þ½p5 � p2�
Hðp5Þ �Hðp2Þ

�
@Hðp5Þ
@y5

R y5
y6

vðq; tiÞdq�p5ðy5 � y6Þ
� �

Hðp5Þ �Hðp2Þ

Note that this is expressed entirely in terms of the observed bidpoints.

More generally, we can express valuation in terms of observed bidpoints. Let km

index the observed bidpoints and j index unobserved bid prices between those observed

bidpoints, km�1 þ 1)j<km. By adding the first-order conditions across j from

km�1 þ 1)j)km, we obtain:

vðykm ; tiÞ ¼ pkm þ
Hðpkm�1Þ½pkm � pkm�1 �
HðpkmÞ �Hðpkm�1Þ

�
@Hðpkm Þ
@ykm

R ykm
y
kmþ1

vðq; tiÞdq�pkmðykm � ykmþ1Þ
� �

HðpkmÞ �Hðpkm�1Þ

In order to calculate the integral involving v(q,ti), we need to know the functional form

of the valuation function between bid quantities. We assume the marginal valuation

function is a step function which assumes constant values of v(yk
m) on (yk

mþ 1, yk
m),

as illustrated in Figure 1. The integral in the above equation becomes

vðykmÞðykm � ykmþ1Þ:Thus, we have derived a set of linear equations that we can solve

to estimate the marginal valuation step function.

2. Uniform Price Auction

Herewe extend thediscrete formulation fromNautz andHortaçsu to the uniform-price

auction. Because the change in auction format affects the bidders’ optimal behavior

resulting in a different distribution of the market-clearing price (MCP), we use a

different notation for the bid function and distribution of MCP denoted by x(p) and

G(p,x(p)), respectively. In the uniform-price auction,we imposemore structure on the

data regarding the unobserved bidpoints than in the discriminatory auction. We

provide intuition for the additional restrictions below.

As with the discriminatory case, assume that all bids are restricted to lie upon an

arbitrarily fine grid of prices: p0<p1< � � �<pKþ1. Again, we make several assumptions

about the bids and probability of the market-clearing price at the boundary points.

First, we assume that the lowest point on the grid is below the support of the

distribution of themarket-clearing price, i.e.,G(pk,x(p))5 0 at p0 and anyprices below

p0. Second, assume the bidder does not submit a bidpoint at p0, i.e. that the bidder also

demands x1 at p0, so that x0 5 x1. Third, assume the bidder submits zero demand at the

highest price on the price grid, pKþ 1, i.e. xKþ 1 5 0, and at all higher prices.

33Depending upon the interpretation of unobserved bidpoints, l3 and l4may or notmay not
be zero. Of course, at the observed bid prices, lk 5 0.
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The expected payoff is given by:

XKþ1
k¼0
½PrfMCP ¼ pkÞ � ðpayoff if MCP ¼ pkÞ�

¼
XKþ1
k¼0
½Gðpk; ~xÞ � Gðpk�1; ~xÞ�

Z xk

0

vðq; tiÞdq�pkxk
� �

Using the fact thatZ xk

0

vðq; tiÞdq�pkxk ¼
Z xk�1

0

vðq; tiÞdq�pk�1xk�1

�
Z xk�1

xk

vðq; tiÞdq� pkxk þ pk�1xk�1

and incorporating the monotonicity constraints, we write the Lagrangian as:

L ¼
XKþ1
k¼0
½Gðpk; ~xÞ � Gðpk�1; x

*Þ�
Z xk�1

0

vðq; tiÞdq�pk�1xk�1
�

�
Z xk�1

xk

vðq; tiÞdq� pkxk þ pk�1xk�1

�
þ lkðxk � xkþ1Þ

By imposing the first and second assumptions about the boundary points, the partial

sum for k5 0 disappears. In the remaining partial sums, several terms in each partial

sum conveniently cancel with terms in the following partial sum. After imposing the

first and third assumptions above, we obtain a summation from k5 1. . .K (all interior

points of the price grid):

L ¼
XK
k¼1

Gðpk; ~xÞ
Z xk

xkþ1

vðq; tiÞdqþpkþ1xkþ1 � pkxk

� �
þ lkðxk � xkþ1Þ

The first order condition at each point pk on the price grid from k5 1..K is:

½A3�

GðpkÞ½vðxk; tiÞ � pk� þ
@GðpkÞ
@xk

Z xk

xkþ1

vðq; tiÞdqþpkþ1xkþ1 � pkxk

� �
þ lk

� Gðpk�1Þ½vðxk; tiÞ � pk� þ
@Gðpk�1Þ
@xk

Z xk�1

xk

vðq; tiÞdqþpkxk � pk�1xk�1

� �
� lk�1 ¼ 0

Note that
@Gðpk�1Þ
@xk

¼ 0 for the same reason that
@Hðpk�1Þ
@yk

¼ 0 in the discriminatory case.

If a bidder submits a unique bid quantity at every point on the price grid, then the

monotonicity constraints are not binding, i.e. lk ¼ 08k ¼ 1 . . .K. Therefore, we can

solve the first-order condition:

vðxk; tiÞ ¼ pk �
@GðpkÞ
@xk

R xk
xkþ1

vðq; tiÞdqþpkþ1xkþ1 � pkxk

� �
GðpkÞ � Gðpk�1Þ

However, in the empirical exercise we need to account for the fact that bidders submit

unique quantity bids at only a subset of the prices in the price grid. Suppose that we
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observe (p2, y2), (p5, y5) and (p6, y6) but do not observe (p3, y3), (p4, y4). We need to

express the first-order conditions in terms of only the observed bidpoints.Also,we need

to provide an explanation for bidders choosing not to submit bids at some points.

Here wemust imposemore structure on the data than in the discriminatory case.We

make an additional assumption (and give an economic interpretation of this

assumption later in this section):

(Assumption 1) Gðp2Þ ¼ Gðp3Þ ¼ Gðp4Þ
The first equality of Assumption 1 implies that @Gðp3Þ@x3

¼ 0 and the second equality

implies @Gðp4Þ
@x4
¼ 0. Note that this assumption is not necessary in the discriminatory

auction; in the discriminatory format, Assumption 1 need not hold and unobserved

bidpoints could result from a cost of adding bidpoints.

If we add the first-order conditions [A3] for k5 3,4,5 and incorporateAssumption 1,

then we obtain:

vðx5; tiÞ ¼ p5 �
@Gðp5Þ
@x5

R x5
x6

vðq; tiÞdqþp6x6 � p5x5

� �
Gðp5Þ � Gðp2Þ

Note that this is expressed entirely in terms of the observed bidpoints.

More generally, we can express valuation in terms of observed bidpoints. Let km

index the observed bidpoints and j index unobserved bid prices between those observed

bidpoints, km�1 þ 1)j<km. By adding the first-order conditions across j from

km�1 þ 1)j)km, we obtain:

vðxkm ; tiÞ ¼ pkm �
@Gðpkm Þ
@xkm

R xkm
x
kmþ1

vðq; tiÞdqþpkmþ1xkmþ1 � pkmxkm
� �

GðpkmÞ � Gðpkm�1Þ

Ifwe assume that themarginal valuation is a step function as in the discriminatory case,

the integral in the above equation becomes: vðxkmÞðxkm � xkmþ1Þ. This yields a set of

linear equations that we can solve for vðxkm ; tiÞ.

p1

p2

p3

p4

p5

p6
RS1  mcp>p6 RS2 mcp=p5 

G(p5)=2/3 

G(p4)=1/3 

G(p3)=1/3 

G(p2)=1/3 

G(p1)=0 

x6 x5 x2 x1

RS3 mcp=p2 

xi(p)

Figure

A1
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Now, we provide intuition for Assumption 1 and the failure to submit bids at some

price points. Consider Figure A1. Suppose that this bidder faces a Residual Supply

function of eitherRS1,RS2, orRS3with equal probability of 1/3.Using the definition of

the market-clearing price, we see that if RS1 is realized, the market-clearing price is

greater than p6; if RS2 is realized, the market-clearing price is p5; and if RS3 is realized,

the market-clearing price is p2. We can solve for G(pk) as shown in the figure. This

G(pk) function satisfies Assumption 1 – Gðp2Þ ¼ Gðp3Þ ¼ Gðp4Þ, or more generally

that at the unobservedbidpoints indexedby j, km�1 þ 1 � j<km;itmust be the case that

Gðpkm�1Þ ¼ GðpjÞ.
One can see that

@GðpjÞ
@xj
¼ 0 at unobserved bidpoints in the context of FigureA1. If the

bidder were to submit a unique bid quantity at either p4 or p3, then the quantity would

have to be between x5 and x2 in order to satisfy the monotonicity constraints. There is

not an x4 (or x3 ) satisfying x5ox4ox2 that would change the market-clearing price

under any of the possible realizations ofResidual Supply. Therefore, at the unobserved

bid prices, any bid quantity that satisfies the monotonicity constraints will not change

G(pk) at that price, which is to say that
@Gðp3Þ
@x3
¼ 0 ¼ @Gðp4Þ

@x4
.

What’s the interpretation of these restrictions from the bidder’s perspective? The

bidder believes that between p5 and p2, the rivals will not submit bids that will cause

Residual Supply to be between x5 and x2. Of course, the rivals may submit some bid

quantities at p4 and/or p3 (as is the case in the figure), but those bids cannot cause the

Residual Supply to be between x5 and x2 at p4 and/or p3.
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